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ON THE WEIL-PETERSSON METRIC ON TEICHMULLER SPACE
BY
A. E. FISCHER AND A. J. TROMBA'

ABSTRACT. Teichmuller space for a compact oriented surface M without boundary is
described as the quotient &//9,,, where &/ is the space of almost complex structures
on M (compatible with a given orientation) and 2, are those C* diffeomorphisms
homotopic to the identity. There is a natural &, invariant L, Riemannian structure
on & which induces a Riemannian structure on %//%,. Infinitesimally this is the
bilinear pairing suggested by Andre Weil—the Weil-Petersson Riemannian struc-
ture. The structure is shown to be Kahler with respect to a naturally induced
complex structure on %/9,.

0. Introduction and statement of main results. In [7] the authors, using only
concepts from Riemannian geometry and global nonlinear analysis, develop an “a
priori” approach to Teichmiiller theory. Teichmiiller’s theorem states (roughly) that
the space of conformally inequivalent Riemann surfaces of genus p, p > 1 (with
some topological restrictions) is homeomorphic to Euclidean R® ~° space. In proving
“homeomorphism”, Teichmiiller had put a complete Finsler (but not Riemannian)
metric on Teichmiiller space.

Since this original work [13] (circa 1939), other metrics have been put on
Teichmiiller space. Kobayashi [9] introduced a metric on a general complex mani-
fold. By a theorem of Ahlfors [3], Teichmiiller space has a natural complex structure.
Using this fact Royden was able to prove that the metric of Kobayashi coincided
with Teichmiiller’s metric.

In 1956 Weil suggested another metric, and in [2] Ahlfors proved that this metric
was Kahler. Somewhat later he showed that it had nonpositive Ricci curvature.

In this work we show how, in the context of the approach to Teichmiiller theory
developed in [7 and 8], the Weil-Petersson metric arises naturally. We shall provide a
simple and direct proof that the metric is Kahler.

We now present a more detailed description of our results. We begin first,
however, with a review of our basic approach to the development of a Teichmiiller
theory and of some of the results in [7 and 8).

Let # be a C* finite-dimensional manifold without boundary. Let T}'(.#) be the
vector bundle over 4 of tensors of type (1,1), and C®(T}'(#)) the space of C*
sections.
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An almost complex structure # on A is an element £ C*(T}(#)) such that
F*r=-I; ie, at each x € A, f(x)e F(x)= -I(x), where I(x): T, M — T M is
the identity map. If such a Zexists, it must be even dimensional, say dim 4 = 2m.

Moreover, in this case #defines an orientation for .# by choosing in each tangent
space T,.# a basis of the form

(0.1) Xl,...,Xm,/Xl’,...,/Xm.
The orientation of # determined by such a basis is called the natural orientation
induced by #.

Now let 4 be a compact connected oriented C* 2-manifold without boundary.
Let the space &/ of oriented complex structures on .# be defined by
(0.2)
o= {fe (T} (H))| 2= -1,

and the natural orientation induced by £ is that of # }
In [7] we proved

THEOREM (0.3). Let # be an oriented, compact connected C* 2-manifold without
boundary of genus greater than one. Then &/ carries the structure of a C* strong ILH
(inverse limit of Hilbert; see 7, 11]) manifold. The tangent space Ty is characterized

by
Tj&f: {fe Coo(Tll(-/”))|f°f+f°j= 0},
where *“ °” denotes the composition of (1, 1) tensor fields.

A complex structure on a 2m-manifold 4 is an atlas of coordinate charts
(9;, U;);<; such that, when defined, ¢, ° q>]‘ are holomorphic when viewed as maps
on a neighbourhood of C™. Every complex structure on .# naturally induces an
almost complex structure in the following manner.

Denote by (z,...,z,,) the coordinates of C™, with Z;=x; iy, i= V-1. With
respect to the R*™ coordinate system, C™ is represented as (X1,...,X,,, V- >)p)- I
each coordinate neighbourhood we have a basis of the tangent space given by
{d/0x;} and {3/0y;}. Thus, in a coordinate neighbourhood one can define an
almost complex structure _# by setting

F(3/0x;) =d/dy;,  #(3/dy) = -8/dx,.

This definition of #is independent of coordinate charts and thus defines a C*
almost complex structure on /.

Now given an arbitrary almost complex structure #on .# there is a (1,2) tensor
N(#), called the Nijenhuis tensor, which has the property that if # arises from a
complex structure then N(#)= 0. However, by the now celebrated theorem of
Newlander and Nirenberg, the converse is also true: if N(_# ) = 0, then Zarises from
a complex structure in the manner described above. If N(_#) = 0, we say that _£is
integrable. Thus, £ is integrable if and only if # arises from a complex structure.

If # is a C* 2-manifold, then every almost complex structure_#on ./ is integrable.
Thus, if € denotes the space of complex structures on ., then there is a bijective
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correspondence & <> . Let 2 be the group of C* diffeomorphisms of .#, and let
9, < 2 denote the component of the identity. As a group, 2 (and hence %) acts on
& by pull-back; i.e., if f € P then the action sends £ — f* ¢, where, for x € 4,

(f*£)(x) = 21(x)" ££(x) 21 ().
where 2 denotes derivatives.

2 acts on % by sending each ¢, # — C in a given atlas to @, ° f. The bijective
correspondence between & and € is Z-equivariant and thus establishes a bijective
correspondence between the quotient spaces /2 < €/2 and /9, < ¢/%,. The
space Z = 6/2is defined classically as the Riemann space of moduli. Riemann had
conjectured (and, in fact, gave a heuristic argument) that in case . is an oriented
surface of genus p, p > 1, then R had dimension 6p — 6. The space 6/9, = J is the
Teichmiiller space of #. Since 9, C £ is normal we can form the quotient group
I' = 2/9,, the modular group of #. For a compact surface without boundary it is
well known that this group is discrete and acts on_£in the obvious way. Clearly

€/,

=93,

=.

Thus, the actual space of Riemann moduli for a compact surface without boundary
is the quotient of Teichmiiller space by the action of a discrete group. Identifying 7
with &7/, we have proven the following [7]

THEOREM (0.4). Let # be a C* compact oriented surface without boundary of genus
D, P > 1. Then the space T = /9, carries the structure of a C* finite-dimensional
contractible manifold of dimension 6p — 6. Moreover, the bundle (7, o, /9,) is a
C® principal strong ILH fibre bundle over Twith structure group 9.

We remark that a natural complex structure exists on 2/ which induces a complex
structure on J (see [8] for details).

In order to define the Weil-Petersson metric on 7 we need a few definitions. Let
S, be the space of C* symmetric (0, 2) tensor fields on a compact oriented manifold
A without boundary and let It C S, be the open subset of Riemannian metrics. Let
P _, be those metrics with scalar curvature negative one. If dim .# =2 and
genus 4 > 1, IR _, is a nonempty strong ILH manifold [7].

Let P be the space of C* positive functions on .#. P acts on ¢ and we may form
the quotient N /P. Then from [7] we have

THEOREM (0.5). Let dim A = 2, # compact, oriented and without boundary. Then
there exists a C® ILH diffeomorphism y: /P — s induced by the map of ¥:
Moo, g gt [, where p, is the unique volume element determined by the
metric g and the given orientation of #. Here g ' ¢ I8 the contractionof a (0, 2) tensor
to a (1,1) tensor using the metric g; formally, for all X,Y € T M,

g(¥(g) X, Y) = —p,(X.Y).

REMARK. IR /P can be given the structure of a C* strong ILH manifold with ¢ an
ILH diffeomorphism.
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We also have

THEOREM (0.6). Let 7: Dt — M /P be the natural projection map and w_, = «|M _,.
Then w_, is a C* ILH diffeomorphism.

Combining the last two results we obtain a C* ILH diffeomorphism 6: & - M _,
(6 = (Y om_))"'). We now define the L,-Riemannian structure on &. Let %}, %, €
T,o. We 1dcnt1fy T,/ with the space of those Fwhich satisfy { € C*(T}(M))|
j F+7 F=0). Thendefme( ) s Tyt X Tyo/ > Rby

(0.7) (A, jZ)‘f:fMtr(jl - #7) A gy

where g(#) = 6(#), tr denotes the trace of a (1, 1) tensor, and ¢ denotes the
adjoint of #, with respect to g( / ). Thus our “weak” Riemannian structure is the
integral of the C* function tr(_#, - #}) over ./ with respect to the negative scalar
curvature metric g(# ). The reader might be interested in comparing this with the
L,-Riemannian structure on M defined in 1 of [7]. The term “weak” is justified by
the fact that the topology associated with, or induced by, this Riemannian structure
is not the C* topology.
Our main result is then

THEOREM (0.8). (, ) is a C® Dy-invariant Riemannian structure on £, and hence
passes to a C*-Riemannian structure { , ) on T = s£/D,. This Riemannian metric is
Hermitian with respect to the natural complex structure on I, is Kdhler, and is, in fact,
the Weil-Petersson metric.

1. Weak-Riemannian principal fibre bundles. In this section we shall assume that
(m, P, Z),Z = P/%is a Hilbert or strong ILH principal bundle with structure group
% and with dim £ < oo. In the first case P and 2 are Hilbert manifolds and A4 is a
C* Lie group; in the second case P and = are C* strong ILH manifolds and 4 is a
C> strong ILH Lie group in the sense of Omori [11]. In the Hilbert case all
morphisms (maps, vector fields, tensor fields) are C* in the Frechét sense, and in
the ILH case they are C* ILH smooth. A brief discussion of this category is given in
(7).

DEFINITION (1.1). A weak-Riemannian principal fibre bundle (7, P, =) is a Hilbert
or ILH principal bundle with a C® %invariant Riemannian structure G on P.

Thus, for eachp € P, G(p): T,P X T,P - Rand p = G(p)is C*. We make no
assumption on completeness.

THEOREM (1.2.). Let (7, P, Z) be a C* weak-Riemannian principal fibre bundle with
Riemannian structure G. If dimZ < o then G naturally induces a Riemannian
structure G on Z.

PROOF. For each p € P there is a “vertical” subspace V, C T,P defined by
V, = ker Dm( p). Since dim 2 < oo, V, 1s of finite codimension. The metric G then
defines a horizontal subspace H, C T, P, defined as the orthogonal complement to
V, with respect to G(p) {it is here where we need dim = < o0}. Thus H,= Vp*.
Then the induced structure G on 2 is defined as follows. Forx € =, X, Y, € T.2
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we set
Gs(x)(X.. Y,) = G(p)(X,. 1),

where p is any point with #( p) = x, and X p, Yp € H, are the umque horizontal lifts
of X, Y, respectively. Thus, Dz( p)Xp . and 51m11arly for Y and Y,.

One now readily checks that the cquivarlance of G under the group ¢ implies that
Gy is well defined and is Riemannian metric for £. O

If X and Y are C* vector fields on .# with unique horizontal lifts X, ¥, then X and
Y are %invariant vector fields on P and p — G(p)X,,Y) is a C* “%variant

real-valued function on P. Moreover,

THEOREM (1.3). {Gs(X, Y)} o7 = G(X, Y).

p>p

DEFINITION (1.4.). The principal bundle (=, P, Z) is an almost complex principal
bundle if the manifold P admits an almost complex structure £ C*(T}(P))
satisfying:

(i f2=-I

(ii) # is %invariant;

(ii)) foreachp € P, #(p): V, = V,(F preserves vertical subspaces).

Then it follows from [8] that_Zinduces a natural almost complex structure #5 on =
via

Fs(x)X, =Dn(p) £(p)X,,
where p is any point with 7( p) = x, and )~(p is any vector in T, P with D ( p)X’p = X,.
Then we have

THEOREM (1.5). Let (7, P, Z) be a weak-Riemannian almost complex principal fibre
bundle with Riemannian structure G and almost complex structure £. If dim 2 < oo
and if G is Hermitian with respect to #, then G is Hermitian with respect to fs.

PROOF.

Gx(x)(£2(x) X,, L2(x)Y,) = G3(x)(Dn(p) £(p) X,, Dn(p) £(p)Y,).

where X’p, f’p are the unique horizontal lifts of X, Y, to p € #~!(x). But this, by
definition, is equal to

G(p)A(P)X,, £(p)Y,) = G(p)(X,.7,) = Gz(x)(X,. ¥,). O

2. The natural L,-metric on &/. For the remainder of this paper .# shall denote a
compact oriented C* 2-manifold without boundary with genus greater than one. Let
7 be the space of oriented almost complex structures on . defined on (0.2). Recall
that

= {fe (T} ()| 7 = -1,

and the natural orientation induced by _#is that of .# } ,
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and, for € &,
Tyt = {fe C*(T(M))| f5= 47 ).

Recall also that we have defined an L, weak-Riemannian structure on the manifold
as follows. For #,, %, € T, o,

(2.1) (fx»jz)/=fMtr(]1°ff) ditgi )

where g(#) is the unique scalar curvature minus one metric associated to € &,
and * denotes adjoint with respect to g( #).

Our first observation is that we can give a simpler description of this Riemannian
structure.

THEOREM (2.2). (}1, ]2),= Im lr(% ° fz) ditg(g)-

PROOF. Let us work in conformal coordinates for the metric g(#) = g. Then
locally we can assume that the metric g;; = AJ,;, A a C* positive function. Then for
each x € / in this coordinate system

_ ({0 -1
Fx)= (1 0 )
Moreover, since £#= —£Z, it follows that each #must then have the form

so-[y o)

Thus, #(x)* =_#(x).

THEOREM (2.3). The weak-Riemannian structure on % is 9D-invariant and hence
gives (m, &, /D) the structure of a weak-Riemannian principal fibre bundle.

PROOF. Let f € &,. Then we must show that

f*{(jl’ yz);} = (jlﬁ ]2)1-

But
f*{(fl»jz)j} = (f*]l»f*.fz)/*]=fM"(f*f« f*jz) dpgi gy

However, from [7] it follows that the map #— g(¢) is 9,-equivariant, so g(f*#)
= f*g(#). Continuing the equality, the above is equal to

[ (e 7)) dige
Now, the change of variables theorem implies that this is equal to

Altr(]l °j2) dite gy
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3. The metric is Hermitian. Let (7, &/, %//9,) be as in the last section. In [8] we
show that this bundle has the structure of an almost complex principal bundle. The
almost complex structure ® € C*(T}(#)) is defined by ®(£)e f=¢o 7. If

F€ T,othenfo F= —#o ¢ Thus
(fef)ef=F(Feof)=F o f=-F(FF)

s0 (F): T,/ > T, Clearly, ®2 = —J and one checks easily that ® is 9-equi-
variant. Hence ® induces an almost complex structure @, on J= /9.

THEOREM (3.1). The L,-metric (, ) on & is Hermitian with respect to the almost
complex structure ® on /.

PROOF.

(®(L2) 2.2 F)A) = (Fo P f o Fo) s
=/M“({f°71}°{f°f2}) ditg z)

As a consequence of this result and (1.3), we immediately obtain

THEOREM (3.2). The almost complex structure ® and weak-Riemannian structure ( , )
on (m, &, #/9,) induce an almost complex structure ®, and a Riemannian structure
(', ) on Teichmiiller space such that { , ) is Hermitian with respect 1o ®.

REMARK. In [8] the authors show that @ is integrable; that is, it arises from a
complex structure on #. In the next section we show that ( , ) is a Kahler metric.

4. The induced metric on Teichmiiller space is Kihler. We begin this section with
an abstract theorem on principal fibre bundles which we later apply to Teichmiiller
space. Let (7, P, Z) be an almost complex weak-Riemannian principal &#bundle
with dim 4 < oo, weak-Riemannian structure G and almost complex structure ®.
Then we know from §1 that ® induces an almost complex structure ®5 on = and G
induces a Riemannian structure Gy on Z. Moreover, if G is Hermitian with respect
to ® then Gy is Hermitian with respect to ®<. We would like to have conditions on
® and G to insure that the Hermitian metric G« is a Kahler metric.

DEFINITION (4.1). Let Z be an almost complex Riemannian manifold with almost
complex structure ®; and Hermitian metric Gs. We say that G5 is Kahler if the
Kébhler two-form Q, defined by

Q::TEXTE >R 2:(X,. 1) = Gs(@:X,. 1)),

is closed, i.e. dQ5 = 0.
We now have the following result:

THEOREM (4.2). Let (m, P, Z) be an almost complex weak-Riemannian principal
“bundle with dim 2 < oo and almost complex structure ® and weak-Riemannian
structure G. Let G and ® denote the induced structures on Z with & and Qs the
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corresponding Kdhler forms. For X, Y, Z € X(Z) vector fields on = we have
dQs(X,Y,Z)em=dQ(X,Y, Z),
where X, Y, Z are the unique horizontal lifts of X, Y, Z to vector fields on P.
PrROOF. For this we use the well-known formula for d§2 and d€25 (see [10]):
(43) d(X.¥,2) = {{ X(Q(T. 2)) + L(R(Z, X)) + Z(2(X. 7))
-Q([X. 7], 2) - e([¥, 2], X) - e([Z, X].Y)},

where [ , ] denotes the Lie bracket and, for p € C*(P,R), X(¢) = Dp(X).
From the construction of Gy and ®y it follows that

(Qs(Y,Z)}om = Q(Y, Z).
Thus
X((Y. 2)) = X(95(Y. Z)o n) = D(25(¥, 2)) Dr(X)
= {D(Qx(Y,Z))e X}om = { X(Qx(Y, Z))} o m,
and similarly, for ~the second two terms in (4.3). For a %invariant vector field X on
P, denote by 7 ,( X) the push-down vector field on 2,
To(X)(x) = Du(X)on(x).
If X is the horizontal lift of X, then = *)~( = X. Since
T [ X, Y] = [m X, m, 7] =[x, Y],
it follows that
[X.Y]=[X. Y],
the horizontial part of [ X,Y]. o
Thus, if [ X, Y], denotes the vertical part of [ X, Y],
[X,Y]=[X,Y]+[X, T],.
Consequently,
Q% 7],2)=e(x Y], 2) + (X, 7], 2).
It is easy to see that, since Z is horizontal, Q X, f’],,, Z ) = 0. Thus
([, Y], 2) = 25([X. Y], Z) e,

and similarly, for the last three terms in (4.3). Using exactly the same formula for
dQs as for d2 and substituting these results in (4.3) we obtain the conclusion of
Theorem (4.2). O

We immediately have

COROLLARY (4.4). Let (m, P, Z) be an almost complex weak-Riemannian principal
G-bundle with dim Z < oo, and Q, Q the Kdihler forms on P, and Z induced by the
almost complex and weak-Riemannian structures on P. Then X is Kaihler if
dQ(X,Y,Z)=0 for horizontal vectors XY, Z.
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PROOF. By (4.2),
dQs(X,Y,Z)en=d(X,Y,Z). O

REMARK. Thus, it may be that a given almost complex weak-Riemannian principal
%bundle P is not Kihler, yet the induced metric on the almost complex base
manifold £ is. This is precisely the situation for the principal &, bundle
(m, o, #/9D,) of almost complex structures on a Riemannian surface of genus
greater than one.

We now return to our study of the almost complex weak-Riemannian principal
bundle (7, &, #/9,). Again let ® be the almost complex structure on &/, which at

# € #is multiplication by £on T,/ let (, ) be the L,-metric on 2/ defined in (2.1)
and ( , ) the induced metric on22/9, = .

Denote by £ and £, the corresponding Kihler forms on &/ and . In order to
show that (, ) is Kahler we need to show (by (4.4)) that dQ(X, Y, Z) = 0 for all
horizontal X, ¥, Z. Therefore, our first step will be to identify the horizontal
subspace of T,«/. We already know that X € T,/ means that X € C*(T}(A))
and X #= —#X. Moreover, X is vertical if X = L, ¢, the Lie derivative of # with
respect to some W € X (4 ). We now have the following result:

THEOREM (4.5). X € T,/ is horizontal if and only if the divergence of X(@asa,1)
tensor on M# ) with respect to the metric g( £ ) is zero.

Proor. For # € & consider the map
ap X(M) > C=(TH(A)), X—a,(x)=L,F.
LEMMA. For # € o/, the map a zhas injective symbol.

PROOF. A straightforward calculation.
Now let g be an arbitrary metric on # and consider the L, inner product on
C®(T}(M)) given by

A, B)= | (tr AB*) du,,
(4,B) = [ (1r 4B*) d,
as described earlier. Since a, has an injective symbol, « 4 has an L, adjoint
o Co(THM)) = X(A).
By results of Berger-Ebin [5] (or e.g. see Fischer-Marsden [6]) one has the following

PROPOSITION (4.6). C*(T}(M)) splits L,-orthogonally as
C*(T}(AH)) = ker o’ ® Range a.

We now present the calculation of «.

PROPOSITION (4.7). Let A € C®(T}(M)). Then ay(A) € X(A) is given in local
coordinates as follows:

(“}(A))a=gah{(A'){d%fb_((A%j)'{)u+((/°A’);)l/}’
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where the adjoint (A')] = g;,g”'A%, and the vertical bar represents covariant differenti-
ation with respect to g.

COROLLARY (4.8). Let Ao g+ F° A =0, let g be Hermitian with respect to ¢, and
let v #= 0. Then

(o5 ()" = 2g°25((4)1),.
If A € ker o, then
div, 4 = g4}, = 0.
PROOF (OF (4.8)). If g is Hermitian, g( #X,Y) = -g(X, £Y) for all X,Y, so

F' = -F. Hence, if A anticommutes with_ ¢, then A’ also anticommutes with_#. Thus
Alo = —Fo A’ so

(a5 (4))* = g{(4)] £y + 2((F 2 4);),, }-
Since v £= 0,
(a} (A))a = 23”’?};"{(/‘1')1{}1']"
Thus, if a5(A4) = 0, multiplying by g, #; gives -2((A4’ )4 ;= 0, which means that
g/l = div,A=0. O
REMARK. If dim # = 2, and g is Hermitian with respect to #, then g is also
Kabhler, since the fundamental two-form is then closed. Since N( ) = 0, it follows

that v_#= 0 (e.g. Kobayashi-Nomizu [10, Vol. II, p. 149)). Thus, in two dimensions
we have

PROPOSITION (4.9). Let dim M = 2, F€ o/, F€ T,/ N ket o, g Hermitian with
respect to #. Then div, #= 0.

We denote T,/ N ker o by (T,.)°.
Finally, we have the following splitting from which (4.5) follows immediately.

PROPOSITION (4.10). Let dim A = 2, < &/, g Hermitian with respect to ¢. Then
T, splits Ly-orthogonally as

T,/ = (T, N ker oy ) ® Range a.

PROOF. We must show that Raﬂge a,C Ty Lety: - C ©(T}(A)) be defined
by 4 > A% Then T,/ =ker DY(f)={ F|fF+FF=0}). We also have that
Y(f*A) = f*Y(A), which implies

DY(A)LyA = Ly(¢(4)).
Thus, if f€ &7, Y(F)= -IL (Y(F)) = 0. Thusif € o,
DY(f) L, F=DY(F) a,(X)=0
forall X € X(M). Thus
Rangea,C kerDy(f)=T,«. O
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REMARK (4.11). If #€ T,, then tr #= 0. Thus let
(T #))"" = {4 € C=(TN(M))|tr 4 = 0, div, 4 = 0}.

Furthermore, let

(T,9)" " = T, C>(TH ().

Then the decomposition above can be written as

T,#=(T,#)"" @ Rangea,.

Hence, every £€ T2/ decomposes L,-orthogonally as

F=FT+ L7,
where tr #77 = 0 and div, #77 = 0.
Let S, be the space of all C*® symmetric (0, 2) tensors on .#. Then the tangent
space T,M = (g} X S, = S,. Let S "(g) C S, be defined by
S77(g) = {h € S|8,h = 0, tr,h = 0}.

ST 7(g) is the space of trace free, divergence free symmetric tensors on /.

Let M _, € M be those metrics of constant scalar curvature negative one. Then it
follows from [7] that the tangent space T, _, splits as a direct sum STT(g)®
Range a,. Thus every h € T, M, can be written as h=h"" + L g for some
(unique) X € X(A).

We shall need the following result.

THEOREM (4.12). The C* map #— g(¥) = 0( ) (see remarks following (0.6)) has

a differential DO: T,/ — T, ;M | which restricts to an isomorphism between
(T;M)Tra"d Sz”(g(f)) c Tg(.}’)im—r

PrOOF. Recall that 6 is the inverse of the map =: It | » &/; g — —g"ug, b, the
volume element of g determined by the metric g and the orientation of /. = is the
restriction of the map ®: I — &/ given by P(g) = —g“ug and, consequently,
DZ(g) = D®(g)|T, M _;. We know from [7] and an easy computation that

DO(g)h=~(H (Yt h)I)o 2,
where H/ = g'*h,  is the contraction of a symmetric tensor field & € S, by the

metric g, and tr, & = g'h,; is the trace of & with respect to g. Note that ker D®(g)
= S5(g), where

S;(g) = {oglo € C=(A,R)}.
Let
h=h"+%(tr,h)g, AT =h—4(tr,h)g.

Then D®(g)h = D®(g)h” = H o ¢, HT the contraction of h” by g. Thustr H” = 0
and g(H"X,Y)=h(X,Y)forall X, Y € X(). Note that H" o #€ T,/since

(HTe f)e f+F(H e f) = -H" + FHS.
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However, one easily checks that ZHT + H¢= 0; in conformal coordinates
_(0 -1 _(a b
= (1 0 ) 7 (b —a)'

_HT + gHT¢= —HT = #2HT = 0.

Thus

Let
S7(g)={ heSytr,h =0} and
D®(g)" = D®()|S](s).
LEMMA (4.13). D®(g)": S](g) — T, is an isomorphism.
PROOF. D®(g) is surjective, ker D®(g) = S5(g), and S, = S5(g) ® S7(g).

REMARK. The inverse of D®(g)”, (D®(g)")™": T,/ — SJ(g) is given byf'—>

g N (Fof)=gF°F) Note that if h = -8 1(j F), then tr,h = tr( £ o #)
=0, since tr(f o F)=tr(fo F) = -tr(f° ). Also, h is symmetnc as an easy
calculation in conformal coordinates shows.

Let D®(g)™" = D®(g)|S;"(g)-

PROPOSITION (4.14). D®( ) ST( 8) > (Lo ), and h —» H o £is an isomor-
phism, where (T,)° = { #€ T,/|div, #= 0}, and div, #= —g/* 7.
PROOF. If h € ST and, as we have already seen, He ¢ € Tye/,s0H° f= ¢ H,
then
Dd(g)h=Ho ¢
and
div,(He #) = -div,(fH) = +( ’H")‘kgf"
since v #= 0 (see remark preceding (4.9)), this is equal to
+f/Hj g™ = -£/(div,H) = -#o(div,H) = 0.
Thus, D®(g)"" maps S;7(g) into (T,)°. Also, it must be surjective, since if
FE (T,)°, we may set h = —g7}(Fo /) Then tr b = tr(# o #) =0, h is sym-
metric as above, and
8,h = divy(F o F) = £ odiv, 7= 0.
Thus, h € S;7(g). This complete the proof of (4.14) and (4.12). O

THEOREM (4.15). The differential of the map #— p, 4 vanishes on those Fe T,
which are horizontal.

PROOF. By (4.12) it suffices to show that g — p, has a differential which vanishes
on those & € S, which are trace free. The differential of g — ., is easily computed
to be — }(tr, 4) - g and the result follows.

We are now ready to show that the Teichmiiller space with the induced Hermitian
metric (, ) is Kahler. From our previous results it only remains to show that
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dQ(X,Y,Z) =0 for horizontal fields X, ¥, Z, where @ is the Kahler form on &
determined by the metric (, ) and the almost complex structure ®. Thus

UY,Z)=[ w(FYZ)dp, .
(1.2) = [ w(FY2) dpys,
We again consider the terms in (4.3) for d€0.

LEMMA (4.16). For horizontal fields X, Y, Z.
x(Q(1,2)) = fMtr(Xf’Z) dpy ) +/Mtr(;(pi(f())2) dpy )

+/Mtr(;?(DZ(5())) dpt g g
PrOOF. This follows at once, using the fact that T — p., 4 has a differential which
vanishes on horizontal fields.
LEMMA (4.17). If X, Y, Z € T, then t(XYZ) = 0.
PROOF. Since these fields anticommute with_#we get
“(KVZ) = o FXFZF) = ~u( FRTFZ) = u( FRETTZ)

- _u( £2RVZ) = w(X¥2). O

LEMMA (4.18). On horizontal fields

x(e(1.2)= [

Mtr(f(m'f()'())Z) dp g g + [M tr( £V(DZ(X))) dpy s)-

PrROOF. Immediate from (1) and (2).
Similarly, we see that

(4.19) (@2, %)) = [ w(#(DZ(V))X) duy s
+[Mtr(fZ(DX(f’))) dpg s,
(4.20) 2(2(X. 7)) = [ u(#(DX(2))7) diys,
+ [ w(FX(DV(2))) iy s

Moreover,

(4.21) Q[X,Y],Z2)= | u(f{DY(X)-DX(Y)}Z) dp,,.

< X

(4.22) Q([Y,2],X) = [ w(#{DZ(Y) - DY(Z)} X) dp 4,

(4.23) Q([2, X],7) =/ tr( #{DX(Z) = DZ(X)} V) dp,5,-
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Using (4.3) and the above relationship we see that 3 - dQ( X, Y, Z) is given by
(4.24)

3-d(X,7,2) = fMtr(jf’(DZ(X’)))g(;) dpt g gy + fMtr(fZ(Di((?))) dpy )
+/Mtr(fX(DI7(Z))) dpig s, +/Mtr(j{ DZ(X)}Y) dp, s

+fMtr(}f{D)?(f’)}Z) dp g s, +/Mu(/{p?(2)}5() dit g 5-
Since Z #= —#Z, we may differentiate this in the direction of X to obtain
DZ(X) f+ ZX = -X7Z — §DZ(X).
Therefore

FDZ(X)=-XZ - ZX - DZ(X) 7.
0

—_~ =

Since tr( XZY) = tr(ZXY) =

fM“(f{DZ(X)}?) APy z) = ‘fM“({DZ(X)}f?) Ly s)

Lemma 2) we find that the fourth term in (4.24) is

= - [ u(FT{DZ(X)}) diy -

Consequently, the sum of the first and fourth terms in (4.24) is zero. Similarly, the
remaining terms cancel and dQ( X, ¥, Z) = 0.
We summarize this in

THEOREM (4.25). The Hermitian metric on the Teichmiiller space of a two-dimen-

sional surface M of genus greater than one, which is induced from the L,-metric on the
space of almost complex structures on # , is Kdhler.

We conclude this paper by showing that this metric is indeed the Weil-Petersson
metric. To accomplish this we need some results from [7].

THEOREM (4.26). Let # be a compact orientable surface without boundary of genus p,
p > 1. Then dim S7"(g) = 6p — 6.

The space 2 of diffeomorphisms of # acts on the space of metrics I of .# via
pull- back; i.e, foru,v € T A, g M,f € 2,

(f*8)(x)(u, v) = g(f(x))(df (x)u, df (x)v).
If R: Ik - C*(A,R) denotes the C* scalar curvature map, then
R(f*g) =f*R(g) =R(g)°f.
Thus, if R(g) = -1, R(f*g) = -1. Consequently, the action of 2 on It induces an
action of 2 on I _,. We then have the following result from [7]:

THEOREM (4.27). The triple (w, M _, M _,/D,) is a principal strong ILH fibre
bundle with structure group 9, over the C* (6p — 6)-dimensional manifold W _, /9,,.
The map =: M _, > ; g > g™ 'u ¢ is a (strong ILH) bundle isomorphism. More-
over, Ty, )(M _, /D) is canonically isomorphic to S]7(g).



THE WEIL-PETERSSON METRIC 333

We would like to place a weak-Riemannian structure on the bundle (7, M _,,
M_,/9,) as we did with (7, &7, /%,). Now there is a natural L,-metric on the
space It. For g € M we define, for h, k € S,,

h K),=| h-kdu,,,
( ) g '[M 1))
where h - k denotes the contraction of 4 and k via the metric g; in coordinates,

h-k= gabnghat'kbd'

It is not difficult to see that the map =: Ik _; — o/, with &Zand M _; having their
respective L,-metrics, is not an isometry. The L,-metric on I _; is, on the other
hand, Z-invariant and so induces a metric on M _, /2,. We then have the following
result:

THEOREM (4.28). If /D, and M _, /D, are given the Riemannian metrics induced
by the -invariant metrics on &£ and |t _,, then the induced map =: M _, /9D, — /9,
is an isometry.

PrOOF. We know from (4.11) that every £€ Ty5/ can be decomposed as F=
FTT + L, #, where #77 is divergence free and L £is the Lie derivative of ,# with
respect to some (unique) X € X(). This is an L,-orthogonal decomposition.
Similarly, as already pointed out, we know from [7] that every h € T, _; has the
L,-orthogonal decomposition

(4.29) h=hTT+ L.g,
L, g the Lie derivative of g with respect to a (unique) Y € X(#). We know from
(4.12) that
DZ(g): 877(g) = (T, )’

is an isomorphism. Again, let ®: It — M be the map g — —g"lpg. Then
D®(g)|M_, = D=(g). We must show thatif #, = D®(g)h,,i = 1,2, then

(]1, fz) = (hy, hz)g(j)-
Recall that

DO(g)h =g (str,h — h) dp,.

On 5;7(g),

D®(g)h=-g™' - hadp,,
i.e., in local coordinates,

D®(g)h = “hikﬂkj-

Now

(A, jz),,c’: _fMtr(jl’ #) dite p)»
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But

U'(fl» fz) = (Dq)(g)hl’ D‘D(g)hz)g.
Thus

(]p j2)1= _fw(hikl“kjhgll‘/hgmgjb) dﬂg~

1

Using the facts that wiu/ = -8/ and pip, ; = —g,,, we find that this is equal to

+fM(hikgk1h‘2’/gia) dﬂg(;) = +/M<h1, h2>g dﬂg(.f) = (hu hz)g(!)' o

By this isometry result it suffices to consider the induced metric on M _,/2,. The
decomposition (4.29) says that the horizontal subspace of (=, I _;, M _,/P,) at
g € M _, is precisely ST (g).

THEOREM (4.31). The induced L,-metric on M _, /D, is the Weil-Petersson metric on
Teichmiiller space.

So let Xy, Y € T, (M_,/D,). Then there are unique ¢, ¢ € S77(g) with
D7(g)e = X, Dm(8)¥ = Y|, and (X[g], Y[g]>[g] = (9, ¥),- Now let D be the
unit disc in the plane. Then there is a unique complete metric of scalar curvature
negative one pointwise conformally equivalent to the Euclidean metric. This metric,
called the Poincaré metric, is given by

ds? = dx dy/(1 — |2)?)".

It is well known (e.g. see [14]) that every orientable compact surface .# without
boundary of genus p, p > 1, can be represented isometrically as a quotient D /T,
where T is a subgroup of the isometries of D with respect to this metric. Thus, if D
denotes a fundamental domain of this action,

(4.30) (p¥)= | o Vy———
J (1-1z2)
(for a definition of ¢ - Y see remarks following (4.27)).

From [7] we have
PrOOF. If in a fundamental domain D we represent

[ P P _ 20 2
"’“(-%’ -%)’ v (—% —xh)’

Py = (¢ + ip)(dx + idy)’ and ¥, = (¥, + iy,)(dx + idy)’

represent holomorphic quadratic differentials on # = 9/T.
From £4.30) we can easily compute ¢ - ¢ since the metric g on the fundamental
domain D must be given by dx dy/(1 - |z|*)%. We see that

9 v =2(1=121) (o + 92¥5) = 2(1 = 121*)* Re(@u¥a).

then
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Thus
- 2
(Xig)s Y[g])[g] = (. ¥)g= 2Re[@¢*¢*(1 —|z|*)"dx dy.
0

From Abhlfors’ formula (4.2) in [2, p. 186], this is a scalar multiple of the
Weil-Petersson metric after identifying, in another fashion, the tangent space of
Teichmiiller space as the space of holomorphic quadratic differentials on /.
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